In this paper we investigate the constant volume exponential solutions (i.e. the solutions with the scale factors change exponentially over time so that the comoving volume remains the same) in the Einstein-Gauss-Bonnet gravity. We find conditions for these solutions to exist and show that they are compatible with any perfect fluid with the equation of state parameter ω < 1/3 if the matter density of the Universe exceeds some critical value. We write down some exact solutions which generalize ones found in our previous paper for models with a cosmological constant.
equations of motion turn out to be complicated enough, researchers usually study some special kind of metric (e.g. with only two different scale factors [13, 17] ) or consider Lagrangians that contain the highest order Lovelock term only (e.g., deleting Einstein term and keeping Gauss-Bonnet term in a Lagrangian in the cases of (4+1)-and (5+1)-dimensional spacetimes one get so called "pure" Gauss-Bonnet model -see, for instance, [18] [19] [20] ). In the latter approach solutions with power-law and exponential time dependence of scale factors were found. The first of them is an analog of Kasner solution [21, 22] -scale factors in this solution have power-law behavior, though relations between power indices is different from the Kasner solution in Einstein gravity [18, 23, 24] . Special features of the second type of solutions -Hubble parameters are constant, so in a flat metric differential equations of motion become algebraic -allows us to study them in more complicated theories [24, 25] .
In our previous paper [26] we started to investigate the exponential solutions in Einstein-Gauss-Bonnet gravity. In the course of the study we have shown that these solution are divided into two different typeswith constant volume and with volume changing in time. The paper [26] is devoted to the latter case. In the present paper we consider solutions with constant volume.
The structure of the manuscript is as follows: in the second section we introduce the set-up we are working on and very briefly reintroduce the results from our previous paper. Then in Section III we write down solutions of a special structure which generalize those found in [26] and in Section IV finally we work with a general case. Section V concludes the results of this paper and compares them with results of our previous paper [26] .
II. THE SET-UP.
The Einstein-Gauss-Bonnet action in (N + 1)-dimensional spacetime reads 1 :
where R, R αβ , R αβγδ are the (N + 1)-dimensional scalar curvature, Ricci tensor and Riemann tensor respectively, α is the couple constant L m is the Lagrangian of a matter. We consider a perfect fluid with the equation of state p = ωρ as a matter source. The spacetime metric is
The dynamical equations, constraint and continuity equation are
where κ = 8πρ. Subtracting i-th dynamical equation from j-th one we obtain:
Left hand sides of Eqs. (3)- (4) does not depend on time, therefore ρ ≡ const, so that the Eq. (5) reduces to
For a given set H 1 , . . . , H N to be a solution of Eqs. (3)- (4) it is necessary that at least one of the conditions (i)-(iii) is satisfied. In our previous work [26] we considered situations when conditions (i),(ii) and their combinations are satisfied; it was found that taking into account these conditions lead to consistent system of equations for the vacuum (a) and Λ-term (b) cases only. In the present manuscript we interest in the condition (iii) and its combination with conditions (i),(ii). Requirement k H k = 0 does not impose any constraints on choice of a matter from the continuity equation; we will see later that additional constraints on the form of the perfect fluid is followed from equations for the gravitational field. Note that taking into account condition k H k = 0 one can rewrite Eqs. (3),(4) in the equivalent form:
III. CONSTANT VOLUME SOLUTIONS WITH TWO DIFFERENT HUBBLE PARAMETERS.
In the present section we generalize solutions found in [26] to an arbitrary equation of state of the matter.
Taking into account results of the cited paper we assume that there are only two different parameters in the set H 1 , . . . , H N . Now one can easily obtain a number of special exact constant volume solutions. We consider three basic cases which are of great importance for low-dimensional spacetimes with N = 4, 5. 
Solution of Eqs. (9) for H 2 and ρ: (16) we obtain:
Solution of Eqs. (11) for H 2 and ρ:
Taking into account n =
we get solution of Eqs. (11) for H 2 and ρ:
For N = 4 only cases 1 and 2 are realized: it is (3+1)-decomposition and (2+2)-decomposition; for N = 5
only cases 1 and 3 are realized: it is (4+1)-decomposition and (3+2)-decomposition and there are no other options for N = 4, 5. It is easy to check that for N = 4, 5 and ω = −1 solutions (10), (12), (14) turn to solutions derived in our previous paper [26] with additionally imposed constant volume requirement
For N = 5 there is one more decomposition, containing 3 different Hubble parameters (see [26] ):
follows from i H i = 0 that h = 0 and it reduces to (2 + 2)-decomposition; for the same reasons decomposition
, N is odd reduces to (n + n)-decomposition described above. So, all possible generalization of solutions in (4 + 1) and (5 + 1) dimensions found in [26] for w = −1 to an arbitrary w are presented in our list.
We should note that in a general set-up (see the next section) other decompositions (for example, (2+1+1) in (4+1) dimensions) are possible and can be found by inserting corresponding ansatz into Eqs. (8) . However, such solutions represent special cases of general solution with constant volume, and, unlike written down above, have no connections with varying volume solutions found in [26] .
IV. NECESSARY CONDITIONS FOR GENERAL CONSTANT VOLUME SOLUTIONS.
In general case of constant volume solution we do not expect any additional relations between Hubble parameters (in contrast to the varying volume case, where only space-times with isotropic subspaces are possible). The full set of solution is rather cumbersome to be written down explicitly, so we restrict ourselves by finding conditions of its existence.
It was shown [25] that under assumption i H i = 0 system (3)-(4) becomes
One can see that in the vacuum case (κ = 0) the system (15) has no nontrivial 2 solution, except for the situation of pure Gauss-Bonnet model (the first term in both Eqs. (15) is absent) -the corresponding solution was found by [20] . It naturally follows from (15) that
Obviously, for the system (16) to have nontrivial solutions it is necessary that
2 We call a solution trivial if H1 = . . . = HN = 0.
We see, first of all, that the equation of state parameter w is restricted from above: w < 1/3. However, positivity of quadratic and quartic sums is not sufficient for the solution to exist. Going further we denote:
Then equations (16) take the form:
Variables η 1 , . . . , η N can be considered as Cartesian coordinates in N -dimensional Euclidean space; then the first of the equations (20) 
So, system (16) has nontrivial solutions iff 
We express one of the Hubble parameters from the first of Eqs. (22) and substitute it in the remaining equations. Hubble parameters can be considered here as a Cartesian coordinates and lhs of the second of Eqs. (22) can be considered as a quadratic form; we reduce the latter to the canonical form by a coordinate transformation and after that convert a Cartesian coordinates to spherical (ρ, θ 1 , . . . , θ N −2 ). The second and the third equations then take the form
Substituting ρ 2 = a into the second of these equations we obtain
a 2 . For example, for N = 4 we have:
So, the problem of the existence of solutions of Eqs. (22) is reduced to the problem of the existence of zeros of function F . We solve this problem numerically. Numerical calculations performed for N ∈ 4, . . . , 8
shows that functions F has zeros for
Using this fact we get:
There are two cases, depending on the sign of the parameter α.
Combining (25)- (26) with (??)-(??) we obtain finally:
Inequalities (27) can be rewritten in terms of the energy density ρ:
We see that the above mentioned nonexistence of vacuum solutions has a sharper form: for any ω there exists a low limit for ρ. In the particular case of cosmological constant ω = −1:
Since the function ρ lim (ω) is growing, for any non-fantom (ω −1) matter we have ρ ρ lim (−1). Let us discuss briefly the problem of finding of the parameters σ + , σ − . We consider the cases of an even-dimensional and an odd-dimensional space separately. 
Repeating the above arguments we deduce that system (31) has nontrivial solutions iff
We see that σ + = 1 N ; substitution it into (28) leads to
The case ρ = ρ lim corresponds exactly to the situation when plane
η 2 i = r 2 and η 1 = η 2 , . . . , η N −1 = η N ; in view of the condition i H i = 0 the latter implies (30). In the previous section we described this case as 
where ξ = 
where ξ = 1 4π|α|ρ .
V. CONCLUSIONS
In the present paper we have considered solutions with constant different Hubble parameters in a flat
Einstein-Gauss-Bonnet cosmology. Such solutions are absent in a pure Einstein gravity and its existence represent one of specific features of higher-order curvature terms (see [24] for details).
Combining results of the present paper with results of our previous paper [26] we can write down full classification of solutions in question in (4+1) and (5+1) dimensions.
• Vacuum solution in a pure Gauss-Bonnet gravity [20] . We have shown that this solution is a particular one and can not be incorporated in other sets of solution of the type considered. It requires absence of both matter and Einstein-Hilbert term.
• Solutions with volume element changing in time. Such solutions require a matter only in the form of cosmological constant. Apart from an isotropic solution, it appears that these solutions exist only when set of Hubble parameters is divided into subsets with equal values of Hubble parameters belonging to the same subset (so, existence of isotropic subspaces is required).
• Solutions with constant volume element. Solutions of this type exist only when matter density exceeds (or equal to) some critical value which depends on the equation of state of the matter. The parameter ω of the matter should be smaller than 1/3. In general, solutions do not have isotropic subspaces, though can have them for special cases.
As space-times with isotropic subspaces represent a particular interest (for example, if multidimensional paradigm is indeed realized in Nature, then our own world belongs to this class) we write down explicit solutions of constant volume element with isotropic subspaces, generalising those found in [26] . For a general case of constant volume element (without isotropic subspaces) we present the conditions for such solutions to exist, leaving their explicit form to a future work.
